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We discuss a simple oscillator that is capable of producing chaotic as well as periodic signals. The
circuit design is straightforward and can easily be implemented in a standard undergraduate physics
laboratory. The signal generator is suitable for demonstrating how the nonlinearity of the circuit
elements can affect the output of an electronic device. ©2003 American Association of Physics Teachers.

@DOI: 10.1119/1.1515481#
n
ic
hi
fr
nd

e
a

ap
ill

itt

to
un
f t
w

t t

r
d
I

ca
to

he
l a
e

ow

A
he
n

m
e
l o

are

g
a-

rs
I. INTRODUCTION

Within the past few decades, scientists, mathematicia
and engineers have realized that a large variety of phys
systems exhibit very complicated dynamical behavior. T
complicated behavior, popularly called chaos, occurs so
quently that examples of simple nonlinear dynamics are fi
ing their way into the undergraduate curriculum.1

In this paper we focus on chaotic oscillators. The dev
opment of such oscillators and their synchronization is
active field of research in communications technology.2 High
frequency chaotic oscillators have immense potential for
plications in secure communication because chaotic osc
tors such as the universal circuit designed by Chua3 or the
electronic analog of the Lorenz system4 are low frequency
devices and are not suitable as communication devices.

The present design is a modified version of the Colp
oscillator described in standard textbooks.5 It is simple
enough, yet all the major features of chaos can be unders
analytically. The design can be integrated easily into an
dergraduate physics laboratory. One of the advantages o
Colpitts oscillator is that its frequency can vary from a fe
hertz to a few giga hertz~microwave region!, depending on
the circuit components chosen. Another advantage is tha
active device possesses an intrinsic nonlinearity~the
current–voltage relation is exponential!, which can easily
give rise to regular~periodic! oscillations or chaotic behavio
depending upon the choice of parameters. In Sec. II we
scribe the circuit design of the signal generator. In Sec.
we briefly outline the theoretical analysis of the dynami
system. A few diagrams show the richness of the attrac
Section IV deals with the implementation of the circuit in t
laboratory. Here we give our experimental results as wel
the simulated results obtained using PSPICE. Finally, in S
V we discuss various possibilities for future work.

II. ANALOG CIRCUIT

A common-base transistor configuration is used as sh
in Fig. 1. The resistorR and inductorL are connected in
series between the collector and positive supply voltage.
other resistorR1 is connected between the emitter and t
negative supply. Such a connection is rather unconventio
Care must be taken to choose a value ofR1 that is not too
low because a high current through the transistor will da
age it. The capacitorsC1 and C2 are used to adjust th
oscillator frequency of the circuit, which depends as usua
the combination ofC1, C2, and the inductorL. The probes
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of the cathode ray oscilloscope~not shown in Fig. 1! are
connected so that the collector and the emitter voltages
measured with respect to the ground.

III. ANALYSIS OF THE DYNAMICAL SYSTEM

The schematic diagram is given in Fig. 1. By applyin
Kirchhoff’s laws, we find that the current and voltage equ
tions are

C1
dVC1

dt
5I L2I C , ~1!

C2
dVC2

dt
5I L2I C1I E2I R , ~2!

and

VCC5VC11VC21L
dIL

dt
1I LR, ~3!

where VC1 and VC2 are the voltages across the capacito
and I L is the current through the inductor.

Fig. 1. Schematic diagram of the circuit.
34/ajp/ © 2003 American Association of Physics Teachers
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We replace the collector currentI C by aI E , and remember
that the emitter currentI E is exponential, namely,I E

5I S@exp(VBE/VT)21#. I S is the reverse saturation curren
VBE is the base emitter voltage, andVT is given by VT

Fig. 2. Evolution@from numerical solutions of Eqs.~4!–~6!# of the ~scaled!
emitter and collector voltages forR15270 V.
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5kT/e. (T denotes the absolute temperature,k the Boltz-
mann constant, ande the electronic charge.! In our case,
VBE52VC2 .

It is general practice to write the equations in dimensio
less form. To do so we scale voltages byVT and time by
1/v0 , wherev0 is the natural frequency of oscillation of th
LC tank circuit, that is,v051/ALC. Thus we have

Fig. 4. Bifurcation diagram obtained by plotting XP, thex-coordinate of the
penetrating points on the Poincare´ surface, at various values ofR1 .
Fig. 3. Phase portraits of the chaotic attractor. The emitter voltagey vs x1y ~collector voltage!. ~a! R15202 V, ~b! R15240 V, ~c! R15463 V, ~d! R1

5470 V.
35P. K. Roy and A. Basuray
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dx

dt
5Qk@z2ag~e2y21!#, ~4!

dy

dt
5Q~12k!Fz1~12a!g~e2y21!2rS y1

5

VT
D G ,

~5!

dz

dt
52

x1y1z

Q
, ~6!

Fig. 5. Phase portrait as observed on an oscilloscope display. The em
voltage is in theX mode and the collector voltage is in theY mode. ~a!
R15160 V, ~b! R15188 V, ~c! R15211 V, ~d! R15242 V.
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wherex5VC1 /VT , y5VC2 /VT , z5RIL /VT , and t5v0t.
Q is the quality factor, that is,Q5v0L/R. We also havek
5C2/(C11C2), while g5I SR/VT is a ratio of two volt-
ages, andr5R/R1 .

The numerical simulation of Eqs.~4!–~6! was done using
a fourth order Runge–Kutta algorithm. For the simulation
used the following values of the circuit components:L
591 mH, R533 V, andC15C250.068mF. The variable
resistorR1 ranges from 50 to 1000V. The reverse saturation
currentI S for transistor Q2N2222 in Fig. 1 was taken to b
14.34310215 A ~from the transistor manual! and VT

50.027 eV. ~The same values were chosen for the simu
tions using PSPICE in Sec. IV.! Figure 2 shows the evolution
of the scaled voltages across the capacitorsC1 andC2. The
phase portrait in Fig. 3 shows the chaotic attractor where
have plotted the collector voltagex1y versus the emitter
voltagey ~with respect to the ground!.

As mentioned, the oscillator can oscillate periodically
we suitably choose the circuit components. To underst
how the oscillation changes with the variation of a para
eter, we would normally look at the bifurcation diagram. O
simple way of obtaining such a diagram is to plot t
maxima of the time series against the value of this parame

ter
Fig. 6. Phase portrait as simulated by PSPICE. The emitter voltage is plotted along theX axis and the collector voltage is plotted along theY axis. ~a! R1

5160 V, ~b! R15196 V, ~c! R15200 V, ~d! R15242 V.
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Alternatively, we can plot the coordinates of the Poinca´
surface plot. As the system evolves, it follows a path in ph
space which is referred to as an orbit or trajectory. To extr
information from the latter, it is often useful to reduce
continuous time system to a discrete time map by the P
carésurface of section method, where a suitable surface
section~the dimension of which is always one less than t
of the original phase space! is chosen and the intersections
the orbit with the surface is observed.

In our example we have choseny5225 as our Poincare´
surface of section and noted the coordinates (XP,ZP) of the
penetration points. In Fig. 4 we plot XP vsR1 to obtain the
bifurcation diagram. It clearly shows the regions where
output signal becomes chaotic and the phenomenon of pe
doubling. The bifurcation diagrams in higher dimensions w
not be discussed here, but are essential for a full bifurca
analysis.6

IV. EXPERIMENTAL RESULTS

We have used circuit components that are commerci
available. The value of the inductanceL as measured by a
LCR ~digital! bridge is 91mH with resistance 0.7V. The
value of the external resistanceR is 33V. The capacitorsC1
and C2 are 0.069 and 0.072mF, respectively. The variable
resistorR1 ranges from 47 to 1047V. All these values were
measured by a digital multimeter. The measured values d
slightly from the values printed on the components. We h
used the high gain transistor Q2N2222 in our circuit. T
output as observed on an oscilloscope display are prese
in Fig. 5. The emitter voltage and collector voltage we
observed in theX–Y mode of the oscilloscope as mention
in Sec. II. The results obtained by numerical simulation
ing PSPICE are presented in Fig. 6.

V. DISCUSSION

The oscillator system is suitable for upper division s
dents in a physics laboratory course. Students wanting
pursue an in-depth study can, for example, perform a
tailed bifurcation analysis, but this analysis requires a str
mathematical background and good programming kno
edge. The circuit components are easily available in
standard lab.

An alternative circuit7 exists that requires the design of
constant current generator with output of the order ofI S ,
which is a rather difficult task. In the present design8 we
have avoided this need, and hence the circuit is less ex
sive and easier to implement.

One can also try to modify the model equations used
Sec. III. Although the theoretical model predicts chaos at l
37 Am. J. Phys., Vol. 71, No. 1, January 2003
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values of R1 ~see the bifurcation diagram in Fig. 4!, the
PSPICE simulation does not give such results. There
various reasons for this discrepancy. For example, the exp
ment has been performed at room temperature~around
35 °C), but the PSPICE results are standardized at 27
Moreover, the circuit components in PSPICE are assume
be perfect. The simple exponential characteristic of the tr
sistor assumed for simulations may be improved to obta
more realistic result. Investigations along this line would
an interesting project in mathematical modeling.

We can apply a sinusoidal signal to the base of the tr
sistor to understand the dynamics of a driven oscillator. T
observation on an oscilloscope display of the formation o
torus and its breakdown is quite interesting.

We have presented the results of our measurements u
a dual trace high frequency oscilloscope. Alternatively, d
collection and analysis can be done using software packa
such asLABVIEW . The fixed point solution, stability, exis
tence of limit cycles, etc., can be done usingMATHEMATICA ,
MATHCAD, etc. Interested readers may request source c
~in QUICK BASIC! from the authors.
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