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J. E. Berger® and G. Nunes, Jr.
Department of Physics and Astronomy, Dartmouth College, 6127 Wilder Laboratory, Hanover,
New Hampshire 03755-3528

(Received 4 October 1996; accepted 24 February 1997

The design and construction of a mechanical Duffing oscillator suitable for use in an undergraduate
laboratory is described. The oscillator provides a straightforward introduction to nonlinear
vibrations and chaotic behavior that is both pedagogically appealing and easily adapted to students
at various levels of sophistication. Good agreement is observed between the motion of the oscillator
and computer simulations, which provides students with an introduction to the power of
mathematical modeling. Period-doubling routes to chaos can be observed both experimentally and
numerically. © 1997 American Association of Physics Teachers.

[. INTRODUCTION and chaotic systems. A number of authors have reported on
] ) Duffing oscillator implementations which allow both

_ The emergence of chaos and nonlinear dynamics as &jjalitativé-® and quantitativé’ observations of chaotic be-

important topic in physics has led to the development of &,,yior. In particular, sharp transitions between chaotic and

wide array of laboratory experiments and lecture demonstraz .. - : : .
tions which exhibit chaotic behavidr® Many of these dem- %ﬁ:g d;r:] otl) Zﬁm& dhéi \J'/Srr?pe§67n| r:etﬂ?sr%zi,gvrel\l,ésrgggﬁdotr? a

onstrations, however, remain somewhat unsatisfactory fro esign that allows both direct observation of the oscillator’s

a pedagogical perspective. The transition from periodic tQ hase space traiectorv. and investigations of a period-
chaotic behavior may be difficult to observe, or the underly—g bii pt i J i 3(] tic behavi 9 Th tp
ing nonlinearity may be difficult to understand intuitively. 90UP!NG transition to chaolic behavior. The apparalus can

Electronic experiments can offer particularly clear demon-2asily be connected to a computer for data acquisition, but is
strations of such phenomena as period doubling, but magplly functional without one. A particular feature of our
appear only as a “magic black box” to many students. Com-mplementation is the opportunity for students to make a
puter simulations without the benefit of an actual device may!ose quantitative comparison with numerical simulations.
reinforce student misperceptions that the physics they are There are several advantages in choosing the Duffing os-
taught has little to say about the real world. cillator as an introduction to nonlinear systems. The math-
In this paper we describe a mechanical implementation ogmatical equation that describes the motion is easy to derive,
the Duffing oscillator(inverted pendulumdesigned to intro- and should be accessible to any student who has completed
duce students at the sophomore or junior level to nonlineaan introductory course in classical mechanics. This deriva-
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. ) They add first a viscous damping term, then a torsional re-
Adjustable We@ht—’@ﬁ P storing force, and finally invert the pendulum to arrive at the
- following equation:

mI26=mgl sin 6— a6— k8, (1)

“pi
KX

wherem is the mass of the pendulum babjs the torsional
/ Electromagnets spring constant, ank is the damping coefficient.
/ The students are then asked to explore analytically the
behavior predicted by Eql) in the limit that sind=6. In
particular, they are asked to show that in this approximation,
the equilibrium positiord=0 is stable only ifmgl<e«, but
that the system is predicted to be unconditionally stable, with
two equilibrium positions, if sird is instead approximated as
60— 6°/6. The need to add this second term is motivated by
pointing out that as the unstable pendulum flops over, the
small angle(one-term approximation will clearly be vio-
lated.
In the next step, the students are asked to rewrite the equa-
tion of motion with the two-term approximation for sthif
Fig. 1. Schematic diagram of the apparatus. The dashed version of the rugp€ unit of time is taken to belfg)*2. The result, upon
gives an approximate idea of its shape when it is at one of the two stablénclusion of a driving term, is the Duffing equation for the
equilibrium points. special case that=1/6:

6=—af+bo—co+f cos wt, 2

tion is similar to the more familiar small-angle treatment of where b=1—a/mgl and c=k/mgl. That Eq.(2) predicts

the simple pendulum, yet the resulting behavior is wildly chaotic motion we leave for the students to verify experi-
different. The time scales for motion of the oscillator itself mentally, both on the computer and in the lab. But as an
are slow, which makes the relation between the real-spadenportant step in tying the computer simulations to the real

trajectory and the phase-space trajectory easy to comprexperiment, we ask them to explore the behavior for small
hend. Finally, students can numerically integrate the Duffinjeviations from the equilibrium positions &= i(6b)1’2.

equation on a personal computer and observe a close COITgy particular, we ask them to expredgt) as 6+ ¢(t) and

spondence between theory and experiment, which providegyoyy that to first order inp the equation of motion for the
them with a dramatic demonstration of the power of math-ggillator is

ematically modeling physical systems. . .

Since our interest lies not only in the apparatus itself, but ¢+ C¢+2be=0, Q)
in how to motivate students to understand the relation beynich again describes simple harmonic motion witlida
tween the physical system and its mathematical model, thﬁwensionles)sfrequency of
remainder of this paper is organized in the following fashion:

The next section contains an introduction to the Duffing  @o=[2b(1—c?/8b)]"?=(2b)" (4)

equation, given largely as we introduce our students to it(weak damping approximatiorand a 1é decay time of 27.
STherefore, by measuring the frequency and damping for
%mall oscillations about equilibrium, our students can deter-
ine the parametefis andc in Eq. (2).

Strain gauges

Permanent
magnets

In Sec. IV we discuss the procedure for aligning and runnin
the oscillator, and in Sec. V we show sample results fro
both the physical oscill_ator and from num_erical _simulations.
We conclude with a brief summary and discussion. Il APPARATUS

A. Oscillator
[I. THE DUFFING EQUATION o i _ i )
A schematic illustration of our mechanical Duffing oscil-

The Duffing equation was originally derived as a modellator is shown in Fig. 1. As in previously reported desidns,
for describing the forced vibrations of industrial machinry, the oscillator itself consists of a steel stfip our case, an
and provides a very good approximation of the motion of aordinary 12-in. machinist’s ruf rigidly held at the base. A
damped, driven inverted pendulum with a torsional restoring33-g brass weight can be clamped to the ruler at any height.
force. In order to emphasize to the students the similarityf the weight is positioned less than 1.5 cm from the top of
between this system and one they are already familiar withthe ruler, then the vertical equilibrium will be unstalgies.,
their pre-laboratory problem set first “reminds” them of the mgl>«). The weight is composed of two 2.%5-1.3-
equation of motion for a simple pendulum by asking them tox 0.6-cm brass plates held together with a pair of brass
derive it, use the small angle approximation, and show thacrews. The screws are countersunk and trimmed so that the
the motion is simple harmonic. They are also asked to showssembled weight is as nearly as possible a uniform block of
that the natural frequency of the pendulwy=1 if time is  metal which surrounds the ruler symmetrically. This appar-
measured in units ofl(g)¥? (I is the length of the pendu- ently minor detail proved essential to the observation of pe-
lum). riod doubling with the oscillator.

The problem set then asks the students to consider pro- The ruler is driven magnetically. Two 1.3-cm-diam, 0.3-
gressively more complicated variations on the pendulumcm-thick neodymium—iron—boron permanent magifesse
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o1 4F turbations. The removable lid allows minor adjustments to
the oscillator without risk of seriously upsetting it.

B. Electronics

The electronics setup used to display the motion of the
oscillator is extremely simple, and allows the direct display
of a phase space pl¢® vs 6) on a storage oscilloscope or
x—y recorder. The four strain gauges are wired into a Wheat-
stone bridge, as illustrated in Fig. 2. Gauges G1 and G4 are
a matched pair on one side of the ruler, while G2 and G3 are

Fig. 2. Schematic diagram of the electronic readout. For simplicity, variablea matched pair on the other. The nominal resistance of each

gain is provided by the oscilloscope ®ry recorder, rather than by the gauge is 1 K. The br_'dg? 1S eX.C'ted W'th_ 101}{ and the
circuit. The strain gauge elements G1—4 are mounted on the ruler, and ha®Ut-of-balance signal is differentially amplifi€dand fed to
a nominal resistance of 1k two separate output stages. One of these stages is simply a
buffer that provides an output proportional épthe bending
angle of the ruler, and is used to drive thechannel of an
clamped to the ruler by their own field 2.5 cm above theoscilloscope or pen recorder. The other stage is a differentia-
base. A sinusoidal driving force is applied to these permator which provides an output proportional foand is used to
nent magnets by a pair of electromagnets consisting of apjrive they channel on the display. The op-amps can be of
proximately 2300 turns of 0.04-cm-diam copper magnet wireany convenient typéve used OP-07 amplifiefdwhich have
wound on a 1.3-cm-diam ferrite coté.The magnets were 5 very low output offset voltage Under normal operation,
wound on a lathe with no particular attempt made to closenoth signals span about 2 V. We use the oscilloscope con-

pack the windings. A pair of 3.5-cm-diam plastic disks gluedirols to provide variable gain and to null out the small offset
4 cm apart onto each core served to confine the winding angh the ¢ signal due to imperfect matching of the strain

ensure a uniform cross section along the length of the magyayges.

nets. The total resistance of the two magnets in series is 70 gince the ruler bends along its whole length, relating the
(), so that when driven with 10 V from our signal generator qytput voltage to the “angle’d requires some care. Follow-
(502 output impedancethey generate a peak field of 60 G. jhg Duchesnest al® we defined to be the angle between a
The distance between the magnet pole pieces and the permgngent to the free end of the ruler, and the direction of
nent magnets on the ruler is approximately 3 cm. This disyrayity. With this definition, the output voltage is a linear
tance was chosen so that the force exerted on the ruler {§nction of ¢ (to within 2% over +0.4 rad (=23 deg). All
largely independent of the bending of the ruler. If the elect the motions reported here fall within this linear-output
tromagnets are too close to the ruler, then as the ruler ben nge.

toward one magnet, it becomes even more strongly attracted The motion of the oscillator is driven by connecting the

to that magnet. The amplitude of the driving term then t?e'electromagnets directly to the output of a synthesized signal
comes a function of the bending angle, and the resultinganeratof The use of a generator with high resolution and
motion is not described by the Duffing equation. high stability in both amplitude and frequency is absolutely

: 50 talssential. We observed that regions of chaotic and periodic
they exert a symmetric force on the ruler, they are rigidlyhopayior could be separated by as little as %6z or
mounted to a separate plate which in turn is placed in a wid 03V

groove in the base plate that holds the ruler. The magn
plate can be positioned within this groove using a pair of fine
adjustment screw®. (The alignment procedure for the oscil- IV. PROCEDURE

lator is described beloywThe groove ensures that the travel o _ i ] )

of the magnets is confined to the plane of the ruler's bendin% Although it is relatively easy to find regions of chaotic
motion. ehavior with the oscillator, observing a period-doubling

The deflection of the ruler is measured with a set of fourcascade requires careful alignment. Our procedure therefore
strain gauge$two matched pairs) mounted 5 cm above the begins with the adjustment of the leveling screws so that the
base. The matched pairs are epoxied on opposite sides of théler (with the weight removedis parallel to a hanging
ruler, and are wired as a Wheatstone bridge. In order to keeplUmb line. Then, with the center of the weight positioned
unwanted forces on the oscillator to a minimum, the connec=-10 mm from the top of the ruler, further fine adjustments
tions between the strain gauges and the electronics are maéee made so that when released from a vertical position, the
with 0.08-mm-diam phosphor bronze wire. ruler bends to either side with equal preference.

The base plate which supports the oscillator can be leveled The final step in the alignment procedure involves adjust-
with a set of three 0.3-mm pitct80 threads per in.screws ing the electromagnets so that their effect on the ruler is
(identical to those used to position the electromagndise = symmetric. We set the oscillator into large amplitude oscil-
leveling screws bear on a set of steel inserts in a seconkitions, determine the period, and set the signal generator
aluminum plate which is fastened to the lab bench. The twdo maximum amplitude at the corresponding frequency
plates are kept in rigid contact by a pair of stiff springs.  (~0.15 Hz). The resulting phase-space orbit has a charac-

Much to our surprise, air currents proved to be a majorteristic shape that looks a bit like the outline of a boot. Any
limitation to the stability and reproducibility of the oscillator. asymmetries in this shagé which the “heel” can be dif-

A simple Plexiglas™ box with no bottom and a removableferentiated from the “toe} are removed by carefully adjust-
lid can be placed over the oscillator to shield out these pering the position of the electromagnet assembly.

Burr-Brown o
INA101 Oout
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Fig. 4. Convergence of the largest positive Lyapunov exponerjt ¢alcu-
Fig. 3. A comparison of vs t from the actual oscillatofupper trace, solid  |ated using the methods of Ref. 25. A series of 7500 measuremefi{s)of
line) and a computer simulatiofiower trace, dashed lindn the chaotic 4t 0.48-s intervals was embedded in three dimensions by taking the triple
regime. The experimental trace is 1.6 V peak-to-peak, and has been CORp(t), 6(t+ 7), H(t+27)) to be thex,y,z coordinates of a point on the at-
verted to radians. The Duffing equation parameters were, for the experimeptacior. - was taken to be 14.4 s, and the divergence of adjacent points on
and simulation, respectivel}p=0.027 and 0.03¢=0.013 and 0.02, and  the attractor was followed for 48 s. For details on the calculation, see Ref.
drive frequencyw/2m=0.200 and 0.19 Hz. The dimensionless time variable 25 gng, e.g., Ref. 23.
in the simulation was converted to seconds usitg)?=0.17 s, as dis-
cussed in the text. The drive amplitude in the experimerst 6v& and in the
simulation was 0.003.

havior in both a real system and in a mathematical model.

Figure 3 shows a comparison of tifevs t behavior in the

As an aid in making a meaningful comparison betweerchaotic regime for both the actual oscillatarpper trace,
laboratory observation and computer calculation, at thissolid line) and for a numerical simulatiofdashed ling The
point our written instructions ask the students to shut off theexperimental data were acquired with a personal computer
drive and measure both the natural frequency and dampin@nd digitizing interfacé? The simulation uses a fourth-order
of the ruler for small oscillations about one of the two equi-Runge—Kutta algorithnfadapted from Ref. 23to numeri-
librium positions. For our apparatus, a natural frequency ofally integrate Eq(2) on a personal computer. The param-
0.22 Hz and a ¥ time of 27 s are typical. These correspond eterb was set equal to 0.03 in order to closely mimic the
to b=0.027 andc=0.013 in Eq.(2), respectively, with hatural frequency of the apparatus, and the drive frequency

(1/g)¥?=0.17 s. The quantitkc?/8b=0.001, so the weak
damping approximation made in E@L) is well justified.

Once the oscillator has been aligned, observing chaotic 6 Exp. (rad) 6 Sim. (rad)
behavior is straightforward. We typically operate at a fixed 04 02 000002 04 06
drive frequency of 0.200 HZ10% below the natural fre-
guency for small oscillationsA quick binary search in drive
voltage easily locates the boundary between periodic and
chaotic motion to within a few tenths of a volt. Observing a
period-doubling cascade requires a much more patient sweep
in drive voltage from the periodic toward the chaotic regime.
In all cases, we re-start the oscillator with the same initial
conditions following any change in the drive voltage. Our
procedure is to disconnect the drive and manually bring the
pendulum to rest in one of its stable equilibrium positions.
The drive can be monitored on an oscilloscope, and because
of its low frequency, manually reconnected at the same point
in its cycle, so that the oscillator starts with as near as pos-
sible the same set of initial conditiofgosition, velocity, and
phase with respect to the drivafter each adjustment. Sim-
ply detaching and re-attaching the cable from the output of
the signal generator provides a sufficiently fast “switch.”
Once the oscillator has been re-started, several minutes are
required for the initial transients to decay and for the system
to settle into either periodic or chaotic motion. Fig. 5. A comparison of period-doubling cascades to chaos observed in the
experimenileft-hand sidg¢ and simulatior(right-hand sidg The parameters
b, ¢, andw/27 for the simulation are the same as in Fig. 3. In the period 8

plot, the labelB for the trajectory loop between loogs and C has been

- - . : mitted for clarity. The experimental drive amplitudes are period 1: 4.7 V,
The Duffing equation has been extensively StUdleogeriod 2: 4.9V, period 4: 5.1V, period 8: 5.1 V, chaos: 5.2 V. The simu-

. . . . . _ 1
throth both a”a'yt'ca| and numerical myeSUgat'&]g' lation drive amplitudes are period 1: 0.002, period 2: 0.0022, period 4:
Our purpose here is to focus on the experiment and the 0002 245, period 8, 0.002 247, chaos: 0.003. All plots beyond period 1 have
portunity it offers students to observe the same complex beseen offset for clarity.

Period:

0.0
T

-1.5

-2.0

25 .
d8/dt Simulation (rad/sec)

dé/dt Experiment (rad/sec)

-3.0

—-4.0 =35

V. RESULTS AND DISCUSSION
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was set to 0.2[corresponding to 0.19 Hz forlfg)¥?  6(t) has areduced height, which results in the “egg” devel-
=0.17 §. We found, however, that the parameterad to be ~ 0ping a “yolk.” *® When the period doubles agaio period
set to 0.02 to provide adequate damping, about 55% abov@, there are now three different peak heightg(t). If the
our measured value. The amplitude of the drive signal in thdoops in the period 4 plot are labeled, B, and C from
experiment was set to 5 V, while the drive paramétarthe  innermost to outermost, the oscillator traverses the attractor
simulation was 0.003We made no effort to directly relate in the sequencACBCACBC-- . The motion in the case of
the drive amplitude in the simulation to the drive voltage inperiod 8 iSADBDADCDADBDADCD:- , whereA rep-
the experiment. The amplitudes of the experimental signal resents the innermost loop afdrepresents the outermost.
(0.4 rad or 1.6 V peak-to-pealand the simulated motion The data in Fig. 5, while showing what is possible with the
(0.6 rad peak-to-pealare reasonably similar. The correspon- oscillator, also point out some of its limitations. Note that the
dence in the time domain is even stronger. Once the timperiod 4 and period 8 data were taken at the same drive
axis for the simulated data has been converted to secondsltage. The characteristics of the oscillator are observed to
[using (/g)Y?=0.17 4, the experimental and numerical sig- drift with time, probably as a result of thermal changes or
nals can be seen to have remarkably similar characteristigiechanical creep. The period 4 and period 8 data were taken
time scales. The initial conditions in the simulation were theseveral hours apart, so that the boundary between high order
same as in the experiment: The oscillator was started fromeriodic and chaotic motion had shifted. The extra structure
rest in one of its potential minima. The close correspondencé# the experimental limit cyclegas compared to the simula-
between the parameters of the simulation and the measurd@n) is due, we believe, to residual asymmetry in the adjust-
parameters of the oscillator show that the predictions of thénent of the oscillator. Unless considerable effgntimarily
simulation are quantitatively as well as qualitatively correct.trial and erroy is made to eliminate such asymmetry, higher
Determining the true nature of the behavior illustrated inorder periodicity(4 and 8§ cannot be observed. Rather, the
Fig. 3 requires some care. What appears inchoate to the ufiotion doubles to period 2, remains at period 2 through a
aided eye may or may not be truly chaotic. While there are &road range of drive voltage~0.5 V), and then goes di-
number of methods available to test for the presence of trugectly to chaos. As a result, period-doubling cascades are
chaos, determining that the system has at least one positialy likely to be observed by more advancethd patient
Lyapunov exponent is considered definiti?é* Other meth-  students. Periodic versus chaotic behavior, however, can
ods, e.g., power spectra can be used, and may be more ajgadily be observed in a laboratory exercise at the introduc-
propriate for students who are not yet comfortable with thetory level.
idea of phase spacéSee Ref. 5 for a good discussion of the
advantage of using the power spectrum, as well as advice oypl. CONCLUSION
how to overcome some of the difficulties in determining the ) _ )
spectrum correctly Figure 4 shows the convergence of the We have presented the design for a nonlinear chaotic os-
largest Lyapunov exponent determined from an hour-long  Cillator, and shown that its behavior corresponds to the pre-
run of the oscillator. The motion was digitized at 2.08 Hz,d'Ct'Or_IS _Of a numerical simulation—both _qualltgtlvely an(_j
and the Lyapunov exponent was calculatagsing the guantitatively. The apparatus can be used in conjunction with

method of Wolfet al25) from the resulting 7500 point record & COmputerized data acquisition system, or with a simple
of 6(t). analogx-y recorder. Doubling to period 2 and chaotic mo-

tion are readily observed, and with care, period-doubling
cascades can be seen. The true chaotic nature of the motion
n be verified by finding a positive Lyapunov exponent.

As mentioned in the Introduction, a particularly appealing
aspect of the Duffing oscillator is the possibility of observing

a period-doubling cascade in a mechanical system. Figure .
P 9 Y g he apparatus thus allows students to observe a direct rela-

shows a comparison of a cascade showing periods 1, 2, ; N
and 8 in both the mechanical system and the computer sing'-bn between the real and numerical worlds and to discover

) . he power of mathematical modeling.
lation. Both sets of data are plotted galong the vertical P g

axis) vs 6 (along the horizontal axjs Only the limit cycles
are shown, the initial transient behavior in both cases haviné‘CK'\IOWLEDGMENTS
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