Physics 204A Lecture Notes
Chapter 6 - Describing Motion in More Dimensions
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What do objects do? They move in three dimensions not just along straight lines. In this section we will
describe motion in three dimensions by extending the same ideas of position, displacement, velocity and
acceleration. We won’t change their meaning at all, we’ll just let them become vectors. This is the first
example of the way that physics tries to minimize the number of physical concepts and explain the
widest possible variety of phenomena.

Recall, our descriptions of motion in one dimension:

Quantity Definition Mathematical Representation
. The location of an object with
Position . X
respect to a coordinate system.
Displacement A change in position. Ax=x,—x,
. . __Ax X, —x
Average Velocity The average rate of displacement. V= A = t. ;
i
Speed The magnitude of the velocity. v = vl
) . __Av v,y
Average Acceleration | The rate of change of velocity. as= A = t. ;
Sl

Let’s go through each idea again, keeping the definition unchanged, but let the mathematical description
become vectorial.

1. The Definition of Position
We’ll keep the definition the same:

Position: The location of an object with respect to a coordinate system.

y

Now we’ll let the position become a vector with multiple components.
For now we’ll just think about two dimensions.

Mathematically, 7 = xi + y} .
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2. The Definition of Displacement
Again, we’ll keep the definition the same:

Displacement: A change in position.

/\?

Now we’ll let the displacement also become a vector.

Mathematically, Ar =7, —7, = (xff + yfj) - (xif + ylj) =(x; — xi)f +(y, — yl.)} ,

which is more simply written as, Ar = Axi + Ay} .

Example 6.1: A hiker walks from a position of 3.00km due north of a ranger station to 1.00km
east of the ranger station in 0.500h. Using an origin at the ranger station, find (a)the initial
position, (b)the final position, and (c)the displacement of the hiker.

N1y
Given: r; = 3.00km north an r; = 1.00km east I

Find: 7,=?,7r,=?,and ArF="?

(a)Using the coordinates shown at the right, |T, = 3.00]' and - A
(b)|T. = 1.00i .
(c)Using the definition of displacement,

AT =T — T = 1.00i — (3.00]) = |AF = 1.00i —3.00]|.

> N T

3. The Definition of Average Velocity
Keeping the definition the same,

. _A
Average Velocity: The average rate of displacement. Mathematically, v = X:
AXi+Ayj Axs Ays A o«

Using the displacement, v =
At At At

4. The Definition of Speed
Again, using the old definition,

Speed: The magnitude of the velocity vector. Mathematically, v = |[v|= "Vi + sz
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Example 6.2: A hiker walks from a position of 3.00km due north of a ranger station to 1.00km
east of the ranger station in 0.500h. Using an origin at the ranger station, find (a)the average
velocity and (b)the average speed of the hiker.
) A .. Nty
Givenr, =3.00j, r. = 1.00i , and Ar =1.00i —3.00j .
Find: v=? andv="?
~ A
(a)Using the definition of average velocity, T
- o 0 E
g=Ar_L00i=300) & 007 -6.00]] in knvh. — >
At 0.500 Iy X
(b)Using the definition of speed,
v=|v|= JVi +v) = V2’ +6° =[v = 632km/h],
5. The Definition of Average Acceleration
One last time,
. AV
Average Acceleration: The rate of change of velocity. Mathematically, a = X: .
Using the velocity,
- {}f _Vli (foi+vyfj)_(vxii+vyij) (fo_vxi)i+(vyf _Vyi)j AVX’? AVy’\. I ~
a= = = = 1+ J:axl+ayj.

At At At At

You might be able to guess how to extend from two dimensions to three dimensions. The definitions
stay the same, but the vectors now have a z-component.

Position: T = xi+ y} +7k Displacement: Ar =1, — T, = Axi +Ay3 +Azk
Average Velocity: = 2 = v 1o virvk  Speed: v=[i|= W +vi + v
verage Velocity: V === v,i+v,j+v, peed: v =|V[=4[v, + V| +V,

. - \ 2 g ~
Average Acceleration: a=—=ai+a j+ak.
At '

Example 3.2: A baseball has a velocity of 35.0Ai+12.03+25.0f< in m/s. Its velocity is

3201 + 10.03 +5.00k after 2.00s. Find (a)the average acceleration vector and (b)the magnitude
of the average acceleration.

Givenv, = 35.0i +12.0+25.0k, ¥, = 32.0i +10.0] + 500k , and At = 2.00s.
Find: a=? anda=7?

(a)Using the definition of average acceleration,
5o AV V-V, (32i+10j+5Kk)—(35i +12j +25k) N
At At 2

(b)Using the Pythagorean Theorem,

a=fi=yal+a) +a] = (-1.57 +(-1)’ +(-10)* =[a=102m/s’]

a=-1.50i—1.00]—10.0k |in m/s>.
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6. From Average to Instantaneous

Just as in the case of one dimensional motion, going from average to instantaneous involves letting the
At get smaller and smaller. This is the same as taking the limit as At goes to zero. The net result, as
before, is that the A’s become d’s with all the “rights and privileges” of derivatives. In summary then,

Quantity Definition Mathematical Representation
. The location of an object with -~ A s
Position . r=xi+yj+zk
respect to a coordinate system.
Displacement | A change in position. dr =1, — 1 =dxi +dyj+dzk
: . - df ~ ~ N
Velocity The average rate of displacement. V= m =V, i+v j+vk
. . 1=l _ 2 2 2
Speed The magnitude of the velocity. v=|v|= JVX +v,+V,
: . __dva e s
Acceleration | The rate of change of velocity. a= m =ai+a jt+ak

Example 6.3: The position of a flying insect as a function of time is given by r = 2 — 3t2}' + 5tk .
Find (a)the velocity as a function of time and (b)the acceleration as a function of time.

Givenr =2i —31%] + Stk .
Find: v(r)=7? and a(t)=".

(a)Using the definition of velocity we just need to take the derivative, v = g =V = —61‘}' +5k .
t

(a)Using the definition of acceleration in the same way, a = Ccli_v :>.
t

The Small Angle Approximation

The small angle approximation will appear many times in physics. The idea is that as an angle gets
smaller and smaller, the sine of the angle gets closer and closer to the value of the angle itself in
radians. You can see this happen in the table below.

o (degrees) o (radians) sin o

573 1.00 0.841

5.73 0.100 0.0998
0.573 0.0100 0.0099998

In summary, the small angle approximation is sinf = 6.
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Example 6 4: Find the instantaneous velocity of the tip of a 10.0cm long second hand on a clock.

N
Given: r =0.100m and T = 60.0s. Y
Find: v =7
ABlA0
Choosing the coordinates shown at the right, the position of 22
the tip of the second hand a httle before 1t reaches the top is,
L ——rsm—1+rcos7], X

and the position of the tip of the second hand a little after it
reaches the top is,

£ = rsind+rcos 2]
where 1 is the length of the second hand. Using the definition of displacement,
AF =7, -1 = (rsm—z +rcos—]) ( —rsind2i +rcos—])
The y-components cancel leaving only the x—component Ar = 2r sin &
Using the small angle approximation, sin4® — 4% = At = 2r4 1 = rAel

. A AB:
Using the definition of velocity, v = X: = I‘—el .

At
de »
In the limit as At — 0, the instantaneous velocity becomes v = rd—l
t

2, 27r4
Since the rate the angle is swept out is constant, v = r?l =—1.

T
. 2m(0.10)» = z
Plugging in the numbers, v = %i = (v =(10.5mm/s)i|.

Example 6.5: Find the acceleration of the tip of the second hand.

Given: v=0.0105m/s and T = 60 0s.
Find: v =7

The velocity vectors are tangent to the circle at any point. Next,
move the velocity just before and just after the top into standard
position (lower sketch), so that their components are easier to
find.

V, = veos2i+vsin4] and v, = veos 2] — vsin 4]
where v is the speed of the tip of the second hand. The change in
velocity is,

Av=y, —v, = (VCOS—l - vsm—]) (VCOS—l + vsm—])
The x-components cancel leaving only the y-component,
AV = —2vsin&® ]
Using the small angle approx1mat10n agam

sind? — 42 = Av = —2v—] = —VAOJ

Substituting into the definition of acceleration, a = _t =-v—].
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a=-v—
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Section 6 - Summary
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~ 2T~
i=(-105—j=
1=( )6OJ

In the limit as At — 0, the instantaneous acceleration becomes

a= 1.10mm/sz(—3) .

Notice that even though the speed of the second hand is constant, there is still an acceleration.
Further, this acceleration is along the negative y-axis or toward the center. We’ll into this more
thoroughly in the section on uniform circular motion.

We can describe motion in two or three dimension with the exact same ideas we used for one dimension.

The price we pay for the simplicity of using the same concepts of position, displacement, velocity, and

acceleration is mathematical. These four quantities all become vectors.

Quantity Definition Mathematical Representation
- The location of an object with -~ r A n
Position . r=xi+yj+zk
respect to a coordinate system.
Displacement | A change in position. df =7, — T = dxi +dyj +dzk
. . - r 2 2 ~
Velocity The average rate of displacement. VE—=vi+v jt+vk
. . 1=l _ 2 2
Speed The magnitude of the velocity. v=|v|= JVX +V,+v
. . __dv A A ~
Acceleration | The rate of change of velocity. a=—=aji+a jt+tak
dt '

In physics we try to explain everything with a few concepts as possible and let mathematics take care of

the ever increasing complexity.
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