Physics 4B Lecture Notes

Chapter 24 - Gauss' Law

Problem Set #3 - due:
Ch24-2, 3,6, 10, 12, 19, 25, 27, 35, 43, 53, 54

Lecture Outline

1. The Definition of Electric Flux

2. Gauss Law

3. The Behavior of Conductors

4. Examples Using Gauss' Law

1. The Definition of Electric Flux
Recall that the strength of the field
is proportional to the density of
field lines. Thefield can be
thought of as the number of lines
per unit area. The number of lines
through an areais called the "flux." - | A
If aconstant field is perpendicular
to the surface, then the flux is
givenby F = EA.

If aconstant field is at an angle g from the normal to the surface,
then theflux isgiven by F = EA cosq = E-A.

E
/ E=
For non-constant fields, such asthefield dueto a 4/q

point charge, the flux through the surface is the sum - dA
of the normal component of the field over each
small section of the surface where the flux can be

considered constant.

F°CE-dA  TheDefinition of Electric Flux

24-1



Physics 4B Lecture Notes

Examplel: Find the flux that exits a sphere centered at 17
the origin dueto a point charge also at the origin.

A small surface areaon asphereis,

dA =r?singdqdf 7. Using the field due to the point

q

charge, E= kr—zf, the flux can be calculated from its

definition,F © ¢F - dA,

Fo (‘j(%? r’sinqdqdf

2p

p
F :kq(‘)sinqdq (‘)jf = 4pkq =
0 0

Il |2

2. Gauss' Law

Example 2. Find the flux due to a point charge over the surface of a cube.
Again start with the definition of flux, F © ¢ - dA, and

9
2

thefield of apoint charge, E = k—=f. Thistime however,

the electric field and the area element are not always parallel
and the integral is nearly impossible to complete. But, we
know that the number of field lines that leave the chargeis
not effected by the shape of some imaginary surface that
surrounds the charge. That is, the same number of field

lines exit the cube as exit the sphere in example 1 so the flux

must again equal F :ﬂ.

(o]

The flux through any closed surface is proportional to the charge contained inside.

PE- dA = Genclosed  Gayss's Law
eo

Beyond the Mechanical Universe (vol. 29 frame 28270 [Ch 17])
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Example3: Sarting with Gauss's Law derive Coulomb’s .-77 77~._gaussan
Rule. ‘ " Sphere

The field due to a point charge g, can be found by , .
applying Gauss's Law to an imaginary gaussian sphere of ' a, \g Point '

radiusr centered on the charge, ' :

N\ Q_q_ql \\ /I
'dA—_—_. Y ’
ﬁ e e . 4

(0] 0 ~ 7’

By the spherical symmetry of the problem, the field must Tt
be radial and constant on the gaussian sphere so,

3. dA=EA E4pr’ = Ap E=—h_ —kd
s T dpey®  r? %

0

Now suppose a charge g, isin the field of g, adistancer
away as shown at theright. The force on the g, can be found, by the definition of electric field.
EotpkL=Fp poy i

q - d r
which is precisely Coulomb’s Rule. Since it can be derived from Gauss’ Law, | don't cal it
"Coulomb's Law," instead | call it arule.

In summary, Gauss's Law is usually used in either of two ways:
1)Given the field and the surface then enclosed charge can be found.
2)Given the enclosed charge and sufficient symmetry to choose a convenient surface, then the field
can be found.

3. The Behavior of Conductors

Conductor: A material in which electrons are completely free to move in response to applied electric fields.
In a conductor the electrons will move until they find a place where thefield is zero. Therefor, the field
inside a conductor will always be zero, if you wait long enough for the electrons to find these places.
Typically, this takes microseconds.

Beyond the Mechanical Universe (vol. 29 Ch 20)

Example 4. Given a conductor of arbitrary shape with a total charge, Q, show that this excess
charge must be located on the surface.

Imagine a surface just inside the real surface of == Q
the conductor over which we will apply Real g Y Gaussian
Gauss Law. Sincethis"Gaussian surface” is Surface { / Surface
inside a conductor the field at it is zero Yt

—_—

everywhere
b ¢F dA=0b %:OD Genet = 0.

(0]
The gaussian surface can be made arbitrarily close to the real surface and the enclosed charge must

still be zero. Therefor, the excess charge, Q, must be on the surface and not inside.
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Example5: Show that the electric field at the surface of any conductor is perpendicular to the local
surface and isequal to thelocal charge density, s, divided by e,.

The field along the surface of the conductor must - S,
be zero. Otherwise, the free charges inside would “‘—————”5;
feel a force and move until the field aong the ——
surface was zero. Therefor, the field is i__ -
perpendicular to the surface. N\ S,
Starting with Gauss Law, gE- dA = qe”eﬂd,

(0]

we choose a gaussian surface that straddles the surface of the conductor. We choose it in such a
way that surface 1 is parallel to the local surface of the conductor. The total flux leaving the
surface isjust the sum of the fluxes leaving the four surfaces shown.
PE dA=(FE-dA+ (E-dA+ (- dA+ OE-dA

S S S Sy
Over surfaces 2 and 4 the electric field is zero because they are inside a conductor. To find the
field at the surface we need surface 1 to approach the surface of the conductor which makes surface
3infinitely small so no flux can leaveit. Thetotal flux leaving the gaussian surface isjust the flux
through surface 1.

S, eO (6] eO

To summarize the behavior of conductors,

1) E=0 everywhere inside.
2) Excess charge stays on the surface.

3 E= é and perpendicular to the surface just outside.
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Example 6: Find the electric field inside and outside a spherical conductor of radius, R, with a
charge, Q. Sketch agraphof Evs.r.
Inside the conductor the field is always zero. To find the field Gaussian
outside, notice that by symmetry the field must always point directly Sphere
away from the center of the sphere and can only depend on the
distance from the sphere. If we choose a gaussian surface that isa
concentric sphere of radius, r, the field will be constant over its
surface and always point directly outward parallel with the local dA
vector. Find the flux leaving this surface:
PE - dA = ¢F dA because E and dA are parallel.

PEdJA = EgylA =E4p r? because the field is constant over this sphere,
According to Gauss' Law this must equal the enclosed charge, Q, over &,.

E4pr =2 P E= Q 5 = kg2 The same asif all the charge were at the center.
€ 4peyr r
MNE
Q
4pe, R?

>T

4. Examples Using Gauss' L aw

Gauss Law may be used in two ways:
1)Given the field and the surface then enclosed charge can be found.
2)Given the enclosed charge and sufficient symmetry then the field can be found.

24-5



Physics 4B Lecture Notes

Example 7. Atotal charge, Q, is uniformly distributed throughout a non-conducting sphere of
radius, R. Find the electric field inside and out. Sketch Evs. r.

The spherical symmetry means that E will be constant over any concentric

gaussian sphere and E will point radialy (paralel with dA). Therefor the flux

- R
integral in Gauss' Law is, pE- dA =EA = E(4pr2).
For a gaussian sphere with r<R the charge enclosed is proportional to the
fraction of the volume of the real sphere that the gaussian sphere occupies.
4 3
—pr 3 -
Qenet =2—5 Q=3 Q. Applying Gauss Law, ¢ - dA = Jendlosed,
3 pR R eO
3
r’ Q Qr
E(dprd)=——=<pb E=k= r<R
(4pr) =3 . R3
For a gaussian sphere with r>R the charge enclosed is just the total
charge, Q.
Applying Gauss' Law, /

o dA = Jelosd b gy = Rp E=k T 1>R

€ € r
Thisfield isjust the field due to a point charge Q at the origin. v
Notice the equations for the fields inside and outside agree at r=R as

they must.
~E

ar ai

>

Beyond the Mechanical Universe (vol. 29 Ch 23)
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Example 8: A very long non-conducting cylinder of radius, a, has a linear charge density, |,
uniformly distributed throughout its volume. Find the electric field as a function of the distance
fromthe axis, r, and sketch a graph of Evs. r.

By symmetry the electric field must point radially outward and it gaussian surface
can only depend on r. Therefor, the best gaussian surfaceisa /
concentric cylinder of radius, r. sl ./ |52
The flux integral in Gauss' Law can be broken up into three 5% S3 |

parts. One for each surface shown, [ |
OF dA=CE-dA+ - dA+ (E- dA. * '
S S3

S2

Theintegralsover s, and s, are both zero because the field is radial which meansthat no flux exits
these faces (E is perpendicular to dA). Over s3 E is constant and parallel to dA so that integral
is, OE+ dA = EA = E2pr/.
S3
o

For r<athe charge enclosed in the gaussian surface is, Qgng = (1 ¢) o
= ax -9 1 r2p r
Applying Gauss' Law, - dA = %‘m b E(2pr/) :e—| z¥ b E=2kl = r<a

(0} (0}

For r>athe charge enclosed in the ! '-. , Jaussian surface

o l

gaussian surfaceis, Qg =1 £ . ' '
Applying Gauss' Law, \

E\ﬁ_ d/& - Qenciosed b
e

(o]

E(2pr£):eilfb E:2k|_r r>a '. III III

Note that the field falls off as% notr—l2 \\;/f

asyou might expect. The equations for the fieldsinside and outside agree at r=a as they must.

~E
2k—

ar
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Example9: Alarge metal plate of thickness, 2t, has a uniform charge density, s. Find the electric
field as a function of the distance from the center of the plate, z. Find the charge distribution and
sketch E vs. z.

N
By symmetry the E-field can only be afunction of z and it
must point directly away from the plate. Inside the plate

thefield is zero because it is a conductor. Outside we can

choose the gaussian surface shown. >
The surfaces s; and s, are the same arbitrary shape,
parallel with the surface of the plate, and equal distances
from it. The gaussian surface is completed with the
surface s3 which is everywhere perpendicular to the

surface of the plate. The flux leaving the gaussian surface

is,
OF- dA=¢E - dA+ (F- dA+ (- dA. ,
S $2 S3 S e ----- —
Sincethefiedisonly along the z-axis the integral over s; I\\_, ,11 ...... L3 "
iz N A

is zero. The magnitude of the field can only depend on z, Z S A A T
sothefieldsat s; and s, are equal and constant so the

integrals are straightforward,
PE- dA = EA +EA +0 = 2EA
The charge enclosed in the gaussian surfaceis, qgn = SA. Applying Gauss' Law,

OF - dA = Jewdosd b oEp = LA p E=S =opks | >t
€ € 2e,

This agrees with the result from integrating up the charge distribution in the previous chapter.
Sketching the field versus position:

2pks-

—
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To find the charge distribution on the plate, consider the gaussian

surface shown at theright. It isthe same as before except the surface s;

isnow just inside the conductor so thefield over it is zero. Theflux s,

OE- dA =CF- dA+ - dA+ (F- dA = 0+EA +0 = EA = 2pksA
S S2 S3

Applying Gauss' Law,

E\)é' dA = Chmeﬂd P 2pksA = 4pkQenciosed P qen;l\o_sed =§2
0

Half the charge is on each surface of the plate (not surprising! ).

Chapter 24 - Summary

The Definition of Electric Flux F © ¢ - dA

Gauss Law E‘)E dA = qenélosed
0

The Behavior of Conductors,

1) E=0 everywhere inside.
2) Excess charge stays on the surface.

3) E= é and perpendicular to the surface just outside.
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