Physics 4B Lecture Notes

Chapter 26 - Capacitance

Problem Set #5 - due:
Ch26-2,3,5,7,9, 15, 22, 26, 29, 61, 63, 64

The ideas of energy storage in E-fields can be carried a step further by understanding the concept of
"Capacitance."

Lecture Outline

1. The Definition of Capacitance

2. Capacitorsin Circuits

3. Energy Storage in Capacitors and Electric Fields
4. Dielectricsin Capacitors

1. The Definition of Capacitance

Consider a sphere with atotal charge, Q, and aradius, R. From previous

Q
problems we know that the potential at the surfaceis, V = k%. Putting more
charge on the sphere stores more energy, but the ratio of energy or potential to
charge dependsonly on R, noton Qor V. That is, % = % . It'struefor all
charged objects that the ratio of potential to voltage depends only on the shape,
so thisratio is defined as the capacitance.
co % The Defintion of Capacitance
The units of capacitance are %) °1Faad® 1F.

Example 1. Calculate the capacitance of two equal but oppositely charged plates of area, A, and
separation, d. Neglect any edge effects.

The potential difference between the platesis, DV = - (‘)E_ ds. +q -q
The field between the platesis just the sum of the fields due to the E,
individual plates (see Ch 23 example9) ?
E=E, +E. =— k+—k =—k =—+k. 57
26, 2e, € €A
Using ds = dz R, the voltage on the capacitor can be written as,
L B« 9 qd
DV=-0g—k-dzk=-g—-dz=-—Dzb V=——
e,A €A € €A < d ?

Applying the definition of capacitance,

ceo (—\3 = qqd b C= eo':;‘ Note that the capacitance only depends on the shape.
e,A
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Example 2: Find the capacitance of two concentric cylindrical conductors of radii a and b with a
length, ¢. Show that the result is consistent with example 1.

Assume the cylinders have equal and opposite charges, -C f \‘., \‘.,
Q. Thenthe potential difference between themis, [ qv( T
DV =- ¢E- dS b j
where E = 2 ¢ = 2Q¢ pom example 7 of chapter 24. | M--emmmmmmmmmmemmmmons
r re '.\ ;.' /;
Using ds=drTt, the voltage on the capacitor can be P 7 N
written as,
2kQ. o 2kQ bl 2kQ 2kQ. b
DV=-g—r-dr=- -dr=- —=1I —D V =——=In—
re l r Q l S / a’
l
Using the definition of capacitance, C °© b C=
“2kQ, b 2k In 2
l a

Again the result depends only on geometry.
When aand b get very large the concentric cylinders look like parallel
plates. The distance between the platesisd =b - a. Intermsof aand

d,92a+d:1+9. )
a a a
Now the capacitance can be written, C = Ld .
2k |n(1+_a)

In the limit a® ¥ and d is small, the Taylor expansion of the

logarithm can be used, In(1+d) » d(l- g)b In(1+ )»_( - )»i:1

¢ 4dpeyla _ o 2paf

Inthislimit, C = —5 =€
2k = 2d d
a

A
= eoa as expected.

2. Capacitorsin Circuits

Bring some capacitors G @
Capacitorsin Series: | | | | |_ _| | |
By the Law of Conservation of Energy the sum of the voltages on

the capacitors must equal the applied voltage.
V = Vl +V2+"'+VN

g :%+&+---+%

C. G G Cn
The Law of Conservation of Charge requires all the chargesto beequal, Q = Q; = Q, =--= Qy.-
Q _ Q Q Q 1 1 1 1 1

o 1
+ooo— p—:—+_+...+_p_:a_
C:s C1 CZ CN Cs Cl C2 C:N Cs Ci

Using the definition of capacitance,
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L = & 1 The Addition of Capacitorsin Seriesl
Cs Ci
Capacitorsin Parald:
» ==
By the Law of Conservation of Charge the sum of the charges on T —l
the capacitors must equal the supplied charge. v
Q=Q; +Qp+-+Qy i H
Using the definition of capacitance, [ .-

CpV =CV1+CyV o+ +C\Vy
The Law of Conservation of Energy requires all the voltagesto beequal, V =V, =V, =--= V.
CoV = CV +CpV+CV b Cy=Cy+Cyt#Cy b Cy =8 C,

C, =a C; TheAddition of Capacitorsin Parallel

Example 3: Find (a)the equivalent capacitance, (b)the charge on each capacitor and (c)the potential
difference for each capacitor in the circuit shown. Given V=150V, C;=4.00pF, C,=8.00uF, and
C3=6.00pF.

(3C1 and Gz areinparalel so C, = C; +C, =12.0nF.

Now we can imagine C,, in series with Gz giving atotal capacitance of
1 1 1 CoCs —_

—=—+—0Pp C= = 4.00nF -T-
C Cp G Cp+C5

(b)& (c)Using the definition of capacitance we can find the total charge

Q=CV = (4nF)(1.5V) = 6.00nC.

Thismust equal the charge on C3 by the Law of Conservation of Charge, Q3=6.00uC.

Now the voltage on C3z must be C° 8 P V3 :% :GLC =1V. According to the Law of

C; 6nF
Conservation of Energy that leaves 0.5V on C; and C,. Now the chargeon Cy s,
Q, =CyV; = (4nF)(0.5V) = 2.00nC and the chargeon C; js,
Q2 = C2V2 = (SHF)(OSV) = 4.00nC. Note that Q3 = Ql + Qz.

In summary,
Q(LC) C(pF) V()
2.00 4.00 0.500
4.00 8.00 0.500
6.00 6.00 1.00
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3. Energy Storage in Capacitors and Electric Fields

+q q Suppose we are trying to put atotal charge Q on acapacitor. How
much energy will it take? Assume at some point the charge on the
capacitor is g and the potential differenceisV, using the electric
E Vv potential energy we can find the energy needed to add a small amount
d of charge, dq
4, DU=gDVP dU=dqV.
Using the definition of capacitance
q

du =dg 3.
it

To find the total energy to charge the capacitor from g=0to g=Q
< integrate,

2
qju dq—q pu=1L_-1cy2
>C 2

1Q% 1
U=-==:3C V2 Stored Energy in Capacitors

Example 4. A parallel plate capacitor of area, A, and plate
separation, d, remains connected to a battery asthe platesare
pulled apart until they are separated by 2d. Find the changein
stored energy.

Theinitial stored energy is —

1 d
Uo =_2Co V02

: _— : A :
where C, istheinitial capacitance, C, = eoa ,and V, isthe A

initial potential difference due to the battery. The final
potentia energy is

_1 2 yi
U=2CV, T

where C is the final capacitance, C = eOZ—A(;. The battery

keeps the potential difference constant. The change in stored energy is,

1 1 1 A 1, A 1
Duou-u0=5c2v02 5Co v2—2e020I voz- dv2 - 3%

How can the energy drop when work is done to pull the pI ates apart ?

A
Ve

We can attribute this energy to the field, instead of to the capacitor. Using the capacitance of parallel plates
and the relationship between the field and the potentia,

1 lae Ag 1 1 .
U= —2CV = aee0 dg (E><d)2 = EeoEzAd = EeoEzvoI. In terms of the energy density,
o u _1 2 . . .
o 2 e,E” Stored Energy in Electric Fields

This expression turns out to be true for all E-fields.
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4. Dielectrics in Capacitors

NN o Y | Didectricsareinsulators. Electrons are not free to flow from one molecule to another.
T/ The atomsin adielectric can have dipole moments. In atypica chunk of dielectric

l, material these dipoles are randomly aligned and therefor produce no net field as shown.

/T
VoOX
+5, - S, When adielectric is placed between the plates of a - S +Sj
> capacitor with a surface charge density s, the et
N 7\ = > resulting electric field, Ey, tendsto align the dipoles et
_\)‘Eo N1 with thefield. Thisresultsin anet charge density s; 4
N % N > induced on the surfaces of the dielectric which in _iJr
_ 7 turns creates an induced eectric field, E;, in the i 4
e opposite direction to the applied field. Thetota field
i inside the dielectric is reduced to,
E=E,-E
The dielectric constant is defined as the ratio of the applied field to the total field, k °© % Substituting
E0

for E and solving for the induced field, k °©

P E :(1- %)EO. Note that k=1 is a perfect

(0} |
insulator such as avacuum and k=¥ isa perfect conductor.

How does the introduction of a diglectric affect the capacitance of acapacitor? Recal the calculation of the
capacitance of parallel plates starts with the calculation of the potential difference,

DV:-(‘)E_-déz-(‘)%-dé

- = (Fo " d$ = DV,,. The potential difference will be smaller by a

factor of k.

Applying the definition of capacitance, C °© (—\3 = 13 = kVg =kC,. The capacitanceislarger by a
kio Yo

factor of k.

C =kC, Capacitorswith Dielectricsl
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Example5: A paralld plate capacitor with 100cm? area and 2.00mm plate separation is connected
to a 10.0V battery. Find the capacitance, charge, electric field and stored energy before and after it
is disconnected from the battery and placed in oil of dielectric constant 5.00.

. . A _12) 0.0100
Using the capacitance of parallel plates, C, = e,— =|8.85x10 = 44.3pF.
J e capad P PIAEES Zo 0ol( X ).00222=Io
Using the definition of capacitance, C, ° % P Q,=C,V =443pC.
Thefield can be found from the voltage, E, = - ﬂ%j(o = % - 100 5000%1

121 (44310 12)2
T2C, 2 443x10° 2

The new capacitance with the dielectrlc is, C =kC, =5.00x44.3 = 221pF.

The charge remains the same because the battery is disconnected, Q = Q, = 443pC.
E, _ 5000 o
k ~ 500
12 1(443x10 12)

Thenew energy is, U =—=— = =>———— =
9y 2C 2 221x10%

The energy in acapacitor is, U, = 2.21x10°°J.

The new field issmaller by afactor of k, E = —1000—

= 0.443x10°°J. Where doesthe energy go?

Example6: Repeat example 5 assuming the battery remains connected.

The new capacitance with the dielectricis still, C = kC, = 5.00x44.3 = 221pF.
Thistime the voltage remains the same but the charge changes,

Q =CV =(221)%10.0) = 2210pC.

Since the voltage is the same, the field must be the same, E = E = 5000% .

1Q? (2210x10 l2)

2C 2 2107
Where does the energy come from?

The new energy is, U = =11.1x10°°J.

Chapter 26 - Summary

The Definition of Capacitance C ° i—/g
The Capacitance of Perallel Plates C = O%
The Addition of Capacitorsin Seriasci = é_ El
S i
The Addition of Capacitorsin Perdle C, = § C;
1Q% 1
Stored Energy in Capacitors U = 3C = > CcV?

Stored Energy Electric Fields u © v%l = —; eOE2

Capacitors with Dielectrics C = kC,
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