Physics 4B Lecture Notes

Chapter 31 - Induction and Inductance

Problem Set #10 - due:
Ch31-1,5, 11, 28, 35, 43, 51, 59, 70, 74, 83, 100

Lecture Outline

1. Faraday's Law of Induction

2. Motors and Generators

3. The Meissner Effect and Superconductivity
4. The Definition of Mutual Inductance

5. The Definition of Self Inductance

6. The LR Circuit

7. Energy Storage in Inductors and B-fields

Magnet, wire, coil, & galvanometer
(moving the coil vs. moving the magnet - it can’t matter!)

1. Faraday's L aw of Induction

®F+ ® ® Moving awire through the field causes the charges within the wire to feel an

® B[|IFn® ® upward magnetic force, F= qu’ BP F= guB. Positive charges accumulate at

® ® ® i u® the top of the wire and negative charges at the bottom. This creates a downward

® 9 F ® ® electricfieldinthewire. The net force on the chargesis given by the Second

® ® °*® ® Law, SF=mab quB- gE=ma. Charges move upward until a=0. The
- - electric fild isthen, E = uB.

@ ® @ @ & @ @ If the wire was rolling along some rails connected to a
s @ ® ® @ ® @ | Vvoltmeter, the meter would give areading dueto the dectric
(V) & @ 8 R B B ® E fieldinthewire. Thisvoltage can be found from the E-field,
B e B ® 8 ® @ _ DV:-OE-d_sb_V:Eéb V:B.Eu..
Moving through a magnetic field creates a potential difference
m oS ®m & ® & @ . .
- — Vv justlike abattery would.
oS @3 & @ & @

Example 1: Estimate the induced voltage across the 40.0m wingspread of an airplane traveling
800kmvh (222nvs) perpendicular to the earth’s magnetic field of 50.0uT.

® A+ ® B
Using the Second Law when the charges in the wing have reached ® ¢ F® ®
equilibrium, SF=mab quB- gE=0P E=uB. %':Z ®®Z_§U®
The induced voltage can be found from the E-field, — ®
DV =- 3g-dSb V =E/P V=B/u. ® ¢o|[-® ®
V = B/u » (50.0nr)(40.0m)(222m/s) » 0.444V
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@ ® @ @ ® @ o The other way to look at thisisto think about it in terms of the
i " changing magnetic flux in the loop. The potential difference
between the endsis, V = B/u. Using the definition of
(V) —u l . __dx __d __dA _d _dF
velocity, V = Bl =B (¢x) = B~ a(BA) = TB'
L e dx—> ,  Thisexplainswhy moving the magnet creates a voltage just like
@oE ®m @@ B @@ moving the wire does. If thewire has N turns then the voltage

isN timesbigger. Notice that the current flowsin adirection such asto fight the change in thefield. This
iscaled "Lenz's Rule." Putting all thistogether gives Faraday's Law,

€=- d';—tB Faraday's Law

where we have defined the magnetic flux as,

Fs° (B dA  TheDefinition of Magnetic Flux

Beyond the Mechanical Universe (vol. 37 Ch 11,12,15,18,21,28)

Example 2: A small loop of N turns and area A isin the same plane as a
long straight wire carryinga current i = i,sinwt. Find the induced voltage B
in the loop as a function of time and show that the peak-to-peak voltage is @ ®
proportional to the peak magnetic field. ® @ @

= ® @ i(t)

w

i
From the previous chapter we know the field due to along straight wireis, B = % , Wherer is

the distance from the wire to the center of the loop.
Theloop is small enough that at any given time the field is approximately constant. Therefor, the

magnetic flux through the small loopis, F ; © 6-5’ dA = (BdA =B(yA =BA :ﬂA_

2pr
Applying Farad_ay's Law, _ _
e=.nd&M 6 M 4 _ mNAd (i,sinwt) = - m’—I\I'A‘iowcoswt: - Do NAwcoswt
dt€2pr 9 2pr dt 2pr dt 2pr 2pr

The peak-tp—peak voltage must be twice the maxi mum when coswt=1,
e, = 2%’ NAw = 2B,NAW where B, = % is the peak field dueto the wire.

Thisis how the magnetic field probe you used in lab works! Y ou can now see that the peak-to-
peak voltage is proportiona to the field assuming the frequency is kept constant.
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2. Motors and Generators

A motor and agenerator are physically the same device. A motor converts electrical energy into
mechanical energy while agenerator converts mechanical energy into electrical energy.

Motors:
Side view A motor is constructed from loop of current carrying wire in amagnetic field. It
5 works because the loop which has a magnetic dipole moment i feelsand torque
[ | inthe direction of the magnetic field B. The dipole gains momentum as it
: rotatesto try to align with the field. Just asis crossesthefield the currentinitis
fopview 5 reversed asisits dipole moment which again tries to align with the field. This

continual swapping of the current direction causes a continuous rotation of the

\ u coil converting electrical energy into the mechanical energy of rotation.

Demonstrate a motor

Generators:

A generator isjust amotor running backwards. Mechanical energy is used to turn the coil. This energy
can come from water falling over adam for instance. The changing magnetic flux induces a voltage and
therefor a current in the coil according to Faraday's Law. The generator converts the mechanical energy
into electrical energy.

Demonstrate with a generator and gal vanometer

Example 3. A cail of N turnsand area A isrotated at a frequency f about an axis perpendicular to a
magnetic field B. Find (a)the induced voltage as a function of time, (b)the peak voltage and (c)the
rms voltage.

(When the coil makes an angle q with the magnetic field the flux sideview
through the coilsis, B
FgP° (‘j§ dA = (BcosqdA = Bcosq(A = BAcosq. [

If q=0 at t=0 then q =2pft and Fz° BAcos2pft. The induced
voltage can be found from Faraday's Law, ol e
€=-N %(BACOSprT) = NBA2pf sin2pft. top view
(b)The peak voltage occurs when sin2pft=1 and its vaue is B
€, = NBA2pf .

Zq

(c)rms meansroot mean square or the square root of the average value of dA
the square of the voltage. Using the definition of average,
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(‘aezdt ezq sin 2pftdt ezq sin® udu 92p e(Z)

€. °VE p €ms =75 L1e,=+4 5 NBA2pf

Example4: A coil of 1000 turns and 12.0cm radius flips 180° about an axis that points northward.

The coil has a resistance of 4.80W. The vertical component of Earth's magnetic field is 46.0uT.

Find the total charge that flows when the coilsflips.

Notice that the horizontal component of Earth's field contributes no C Bh

flux. All the flux through the IoopdiFs due to the vertical component. i O N
B

Faraday's Law requires, € = - e B, B

The charge that flowsisrelated to Ohm'sRule, €= IR = (;?

Setting the voltages equal,

dg dFg _ Q. 4 -
RN P Rdg=-NdFg P R@dg=-NQ dFgP RQ=-N(F- F,)

Theinitia flux isjust the product of the vertical component of thefield and the area. Thefina flux

in just the opposite of theinitia flux, RQ = - N(- B\,pr2 - BVprZ) = 2NBVpr2.

2NB,pr? _ 2(1000)(46.0x10" ®)p(0.120)
R 4.80

b Q= = 8.67x10 *C.

3. The Meissner Effect and Superconductivity

picture, floating magnet toy, coil & power supply, high-TC superconductor

Why does a floating magnet imply superconductivity? N
Two magnets repel each other, but the lower magnet can be replaced with a v
current carrying coil. The floating magnet implies a current in the !
superconductor. Since there is no power source, and the current lasts
indefinitely, the material is conducting without resistance and is therefor a
superconductor.

How does the current get there to begin with? AR
If you bring the magnet toward the superconductor, Faraday's Law explains T
the induced current just like moving the magnet around near a coil. In |f \I current

 ——

ordinary conductors these currents die away due the resistance. The currents
in the superconductor continue. iolololojogeaepnlnled
The Messner Effect Superconductor

Set the magnet on a warm chunk of superconducting material and nothing

happens because the material is only superconducting at low temperatures. When you cool the sample, the
magnet lifts off and hovers above the superconductor. Thisis not explained by Faraday's Law, but it is
caled "The Meissner Effect.” It is caused by the fact that superconductors exclude magnetic fields just like
ordinary conductors exclude electric fields. In order for the superconductor to keep the field inside zero, it
must set up a current that cancels out the field due to the magnet. These opposing fields cause the magnet
to hover.
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4. The Definition of Mutual Inductance

If acail carrying acurrent 11 isnear acoil with N>
turns, the magnetic field caused by thefirst coil will
create aflux through the second cail. If the currentin
thefirst coil changes, the flux through the second coil
will change and according to Faraday's Law avoltage
will be induced in the second coil. The relationship
between the voltage induced in the second coil and the
rate of change of current in thefirst coil is called the "Mutual Inductance.”

To find voltage induced in the second coil use Faraday's Law, €, = - dethzl.
The flux through coil 2 caused by coil 1 can be found from the definition of flux, F 5, = (B, - dA,.
. coil2
_ml; L ds’r
Thefield caused by coil 1 can be found by the Biot-Savart Rule, Bl 0O—-
4 coil 1
: l;, « ds" 1 - I
The flux can now be written, F ,, = —2-1 0O 0O d52 L dA, =—L M,
. 4p coil 2coil 1 N2
mN, . d§'Tr - : :
where M, = 0z - dA, . Noticethat M»; only depends on the shapes of the coils and
coil 2coil 1
the relative positions not on the current in coil 1 or on time.
Putting the flux into Faraday's Law, €, _-deﬂgl\lll M21 p €,° -M21d0|| Thisequation is
2

usually called the definition of mutual inductance,

€,°-My ddltl The Definition of Mutual Inductance

5. The Definition of Self Inductance

Beyond the Mechanical Universe (vol. 37 Ch 25)

Thereisno reason that coil 1 and coil 2 have to be separate. They could be part of a solenoid for instance.
In this case we call the quantity that relates the induced voltage to the rate of change of current the " Self
Inductance” and we use the symbol L instead of M.

eo-L % The Definition of Salf Inductance
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m A solenoid has 1000 tgrns .of wire. ﬁﬁﬁ\?\?\?\?ﬁ{?\mﬁmﬁfhf\\

It is 10.0cm long and 1.00cm in diameter.

Estimate the salf inductance. B
Combining Faraday's Law and the definition of
e \SLLLLLILIIL
eo - L%:-N%D Ldl=NdF b LI=NF P L-
The flux can be found from |ts definition by using the field due to the solenoid,
2
F°e @B-dA= o m— IdA m)—l A = m)ﬂlp2 The self inductance is now,
solenoid solenoid ¢ ¢ solenoid
& o) 20D2  (4px10° (1000) p(0.0lOO)
:Ng%ﬂ D% _mn’pd” _( ) = 9.87x10 * T° = 9g7nH
49 4a¢ 4(0.100)

Note that the self inductance depends on geometry not on current. Also note the units are Henries.

6. The LR Circuit

—0 /— When the switch isfirst closed the current is zero, but changing rapidly.
Therefor, all of the voltage will be dropped on the inductor and none on the
resistor. After along time, the current will build up to the point where al the

€ voltage is dropped on the resistor and therefor the current stops changing. In

between we can use the loop theorem to find the current in the circuit at any

time, V+V +Vg=0b €- L%— IR=0. Separating the equation and setting up the integral,

e- IR I dl t dt ) .
— = P ¢ = A— . Theleft hand side can be done by choosin
a L Qe 1r QL Y J

u=€-IRP du=-Rd. Now we candotheintegra,

1 du_ gdt | R R _eae ’Ito
ROy =QT P € IRy =- Ltp|(—)—-ttbl rget -

Since E isthe peak current in the circuit, it is convenient to write the current as,

e _Rig
I =l5¢l-e L . "Charging" LR Circuit
e o
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< The current as afunction of timefor a"charging” LR circuit is
shown at the left. Theword charging is used, but keep in mind
that the inductor is storing flux (or field, or energy) not charge like
a capacitor would.

For a"discharging” LR circuit the initial current would be large

enough for all the voltage to be dropped across the resistor. As
the resistor removes energy from the circuit the current beginsto
drop toward zero. The loop theorem can again be used to find the
current asafunction of time. Theresult is,

R
2t
| =l,e - "Discharging" LR Circuit

The graph of current versus time is shown at the left.

Example 6: The inductor from example 5 is made of copper. Find (a)its resstance, (b)the
equilibrium current when it is connected to a 1.50V battery and (c)the time required for it to reach
99% of this equilibrium current.

. o . DN . —e
(a)Using the definition of resistance, R ° r% =r F:J?Wherealsthe /_
radius of thewire. Assuming the coils are close packed 2aN = / T L
where ¢ isthe length of the solenoid. Solving, € Rint
PDN  4rDN®  4(1.7x10 ®)(0.0100)(1000)° —AA-
R=r s =——F— = > = 68.0W.
p(z_ij) 1 (0.100) —
(b)After awhile the current will build up. It can grow until all the voltage is dropped across the
resistor. According to Ohm'sRule, €=1,Rb I, = €_1sv_ 22.1mA.
R 68.0W
& _Rip
(c)Starting with the equation for acharging LR circuit | =1,¢l- e - + and solving for t,
e 2
| 2t Tt | R & 16 L, & 16
—=1-el pel =1-—p -—~t=IGl- —2p t=- =In¢l- —2.
I lo L e ly,2 R e I|,@
-4
L .87x1
Putting in the numbers, t = - %In(l- 0.99) = 66.8ns
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7. Energy Storagein Inductors and B-fields

The energy stored in the inductor can be found by starting with the loop theorem,

dl Q
V| +Vg+Vo=0bP L— +IR+= =0,
L R C dt C

Multiplying through by the current, LI% +1?R+| % = 0. Themiddle termisthe power

consumed by theresistor. It's a good guess to assume the other terms are the power flow
into the capacitor and the inductor. Since we know the answer for the capacitor let's start
there,

Q. dUs dQQ.  WUe Q1 , @
Pec=l=b —=—=b dUc=Q=QdQbP Ug=5—.
o PeFleP Ty T w e Q@ Wem Q@ QiRP Ue=ag
Since thisisthe right answer, we should play the same game with the inductance term,
d _du_. dl UL N 1) 2
PL=LI—bp — =LI—0P du, =g-Ildl b U_ =5LI".
ST T dt o Q V¢ L2

U, =—%LI2 Energy Storage in an Inductor I

Example 7: For the inductor circuit of example 6 (L=987uH, R=68.0W, €=1.50V) find the

energy stored when the current reaches equilibrium.

From example 2 the equilibrium current is 22.1mA. Using the energy stored in the inductor,
U, =4L1% = 1(987x107°)(0.0221) = 0.241mJ.

If we associate this energy with the magnetic field created by the inductor instead of associating it with the

_ _ | . o u _ s>
inductor itself, we can find the energy density in magnetic fields, u,,, °© Yol = 12pD2€' Using the
2
inductance of a solenoid found in example 1,
18,N"PD7 6,2
L omN?pD? 26T 4 g AmNTE L amNIg
TTa P TTIgpn Tz Tmme s

The stuff in parentheses is the magnetic field due to the solenoid so,
2

Um ZZB_rrb Energy Density in aMagnetic Field

Recall the energy density in the electric field is given by the similar expression, ug :—%eoEz.
Example 8. In some region of gspace the eectric field and the magnetic field give equal
contributions to the energy density. Find theratio of E to B.
. B 2 E2 1 E 1
Given, U, =U, P — =de E°P — = ——b == .
moTeT am 2T T 82 T me, B [me

Putting in the numbers, 1 = ! = 3.00x10°m/ s.
Jme,  J@px107) 88102

The speed of light! Hmmm.
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Chapter 31 - Summary

Faraday's Law € = - d';—tB
The Definition of Magnetic Flux F g © (- dA
The Definition of Mutual Inductance €, © - MZldFltl
The Definition of Self Inductance €° - L%
& _Rip Rt
The LR Circuit: "charging” | = Iogl- e - - “discharging' | =1,e -
e 2

Energy Storagein an Inductor U = 3L1°

o - B
Energy Density inaMagnetic Field u,, = o
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